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We study the thermodynamis of massless φ4-theory using sreened perturbation theory.
In this method, the perturbative expansion is reorganized by adding and subtrating a
thermal mass term in the Lagrangian. We alulate the free energy through four loops
expanding in a double power expansion in m/T and g2, where m is the thermal mass and
g is the oupling onstant. The expansion is trunated at order g7 and the loop expansion
is shown to have better onvergene properties than the weak-oupling expansion. The free
energy at order g6 involves the four-loop triangle sum-integral evaluated by Gynther, Laine,
Shröder, Torrero, and Vuorinen using the methods developed by Arnold and Zhai. The
evaluation of the free energy at order g7 requires the evaluation of a nontrivial three-loop
sum-integral, whih we alulate by the same methods.
PACS numbers: 11.10.Wx, 11.25.Db, 11.80.Fv, 12.38.Cy
I. INTRODUCTION
In reent years there has been signiant progress in the understanding of thermal eld theories in equilibrium [1,
2, 3, 4℄. For example, the thermodynami funtions an be alulated as power series in the oupling onstant g
at weak oupling and advaned alulational tehniques have been developed in order to go beyond the rst few
orretions. The pressure has been alulated through order g5 for massless φ4-theory [5, 6℄, massless QED [7, 8, 9℄,
and massless nonabelian gauge theories [10, 11, 12℄. Very reently, the alulation frontier has been pushed to order g6
in massless φ4-theory by Gynther, Laine, Shröder, Torrero, and Vuorinen [13℄. The alulation in Ref. [13℄ involves
the omputation of ompliated four-loop vauum diagrams and was motivated by the orresponding problem in
nonabelian gauge theories: There are three momentum sales  hard momenta of order T , soft momenta of order gT ,
and supersoft momenta of order g2T , whih give ontributions to the free energy. The ontribution from the hard
sale T to the free energy an be alulated as a power series in g2 using naïve perturbation theory without resummed
propagators. The order g6 is the rst order at whih all three momentum sales in QCD ontribute to the free energy
∗
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and so it is important to alulate the full g6-term. Suh a alulation involves the evaluation of four-loop vauum
diagrams in four dimensions.
However, it is well known that the weak-oupling expansion is very sensitive to the renormalization sale, and it is
furthermore onvergent only if the oupling onstant is tiny. The physial origin of this instability does not seem to
be related to the magneti mass problem in QCD, as it appears in φ4-theory and QED as well. Rather, it seems to be
assoiated with sreening eets and quasipartiles.
In reent years there have been large eorts to reorganize the perturbative series suh that it has improved on-
vergene properties. Several of these methods are variational in nature, in whih the thermodynami potential Ω
depends on one or more variational parameters mi. The pressure and other thermodynami quantities are then found
by evaluating Ω and its derivatives at the variational point where δΩ/δmi = 0.
One of these methods is sreened perturbation theory (SPT) whih in the ontext of hot φ4-theory was introdued
by Karsh, Patkós and Petrezky [14℄, see also Refs. [15, 16, 17℄. In this approah, one introdues a single variational
parameter m2 whih is added to and subtrated from the original Lagrangian. The added piee is kept as a part of the
free Lagrangian and the subtrated piee is treated as an interation. The parameter m2 has a simple interpretation
of a thermal mass and satises a variational equation. SPT has been applied to alulate the pressure to three-
loop order [18℄ and and the onvergene properties of the suessive approximations are dramatially improved as
ompared to the weak-oupling expansion. The mass parameter is of order g and so it might be reasonable to arry
out an additional expansion of the Feynman diagrams in powers of m/T , and trunate at the appropriate order. This
was done in Ref. [19℄ and it was demonstrated that the double expansion in m/T and g onverges quikly to the
numerially exat result even for large values of the oupling.
The generalization of SPT to gauge theories annot simply be made by adding and subtrating a loal mass term
as this would violate gauge invariane. Instead one adds and subtrats to the Lagrangian a hard thermal loop (HTL)
improvement term [20℄. The free piee of the Lagrangian inludes the HTL self-energies, while the remaining terms
are treated as perturbations. Hard-thermal loop perturbation theory is a manifestly gauge invariant approah that
an be used to alulate stati as well as dynami quantities in a systemati expansion. HTL perturbation theory has
been applied to alulate the pressure to two-loop order [21, 22, 23, 24, 25℄ in an m/T expansion and the onvergene
properties of the suessive approximations are again improved as ompared to the weak-oupling expansion.
Another variational method in whih the propagator is a variational funtion was onstruted by Luttinger and
Ward [26℄ and by Baym [27℄ for nonrelativisti fermions in the early 1960s. Later, it was generalized to relativisti
quantum eld theories by Cornwall, Jakiw and Tomboulis [28℄. The approah is based on the fat that the thermo-
dynami potential Ω an be written in terms of the two-partile irreduible (2PI) vauum diagrams. The propagator
D satises the variational equation δΩ/δD = 0. The 2PI eetive ation formalism is also referred to as Φ-derivable
approximations.
Sine the 2PI eetive ation formalism involves an eetive propagator, a trunated alulation in the loop expansion
or 1/N -expansion involves a seletive resummation of diagrams from all orders of perturbation theory. This fat makes
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renormalization of Φ-derivable approximations highly nontrivial. In reent years, there have been large eorts to prove
renormalizability in the loop expansion, 1/N -expansion, or the Hartree approximation, and in partiular to prove that
the ounterterms are medium independent, i.e. independent of temperature and hemial potential [29, 30, 31, 32℄.
The seond issue is that of gauge-xing dependene. While the exat 2PI eetive ation is gauge independent at
the stationary point, this property is often lost in approximations. The problem has been examined by Arrizabalaga
and Smit [33℄ as well as Carrington et al [34℄. In Ref. [33℄, it was shown that the n-loop Φ-derivable approximation,
whih is dened by the trunation of the ation funtional after n loops, has a gauge dependene that shows up
at order g2n. Furthermore, if the nth order solution to the gap equation is used to evaluate the omplete eetive
ation, the gauge dependene rst shows up at order g4n. Expliit examples of the gauge dependene of the three-loop
Φ-derivable approximation an be found in Ref. [35℄.
The Φ-derivable approah has been used by Blaizot, Ianu, and Rebhan [36, 37, 38℄ and by Peshier [39℄ to alulate
the thermodynami quantities at the two-loop level in salar eld theory as well as in gauge theories. The alulations
are based on the fat that the solution to the gap equation for the propagator for soft momenta is given by the HTL
self-energies. Three-loop alulations have been performed in salar eld theory by Braaten and Petitgirard [40℄, and
in QED in Ref. [35℄ using an m/T expansion similar to that employed in SPT in Ref. [19℄. The onvergene of the
suessive approximations to the pressure is improved signiantly ompared to the weak-oupling expansion and
the sensitivity to the renormalization sale is also redued. In Ref. [41℄, the authors arried out a numerially exat
three-loop alulation of the pressure in φ4-theory. Similarly, numerially exat two-loop alulations of the pressure
in QED inluding an analysis of the gauge dependene of the results an be found in Ref. [42℄. In these alulations
no attempts to ompare with the m/T expansions of Refs. [35, 40℄ were made.
Finally, we mention other related resummation methods that have been applied in reent years, namely, the 2-
partile point irreduable (2PPI) method [43, 44℄ as well as the linear delta-expansion [45, 46, 47, 48℄. These methods
are also variational in spirit. Moreover, it has been shown that they orretly predit a seond-order phase transition
when applied to φ4-theory. In the ase of the linear delta-expansion, the suessive approximations of e.g. the pressure
are remarkably stable as ompared to the weak-oupling expansion.
The artile is organized as follows. In Se. II, we briey disuss the systematis of sreened perturbation theory.
In Se. III, we alulate the pressure to four-loop order in a double expansion in m/T and g2. In Se. IV, we disuss
dierent gap equations that are used to determine the mass parameter in sreened perturbation theory. We also
present our numerial results and ompare them with the weak-oupling expansion. In Se. V, we summarize. In
Appendix A and B, we list the sum-integrals and the integrals that we need. In Appendix C, we disuss the m/T
expansion of typial sum-integrals that appear in the alulation. In Appendix D, we alulate expliitly a new
three-loop sum-integral that ontribute to order g7 in the m/T expansion.
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II. SCREENED PERTURBATION THEORY
The Lagrangian density for a massless salar eld with a φ4 interation is
L = 1
2
∂µφ∂
µφ− g
2
24
φ4 +∆L , (1)
where g is the oupling onstant and ∆L inludes ounterterms. Renormalizability guarantees that ∆L is of the form
∆L = 1
2
∆Z ∂µφ∂
µφ− 1
24
∆g2φ4 . (2)
Sreened perturbation theory, whih was introdued in thermal eld theory by Karsh, Patkós and Petrezky [14℄,
is simply a reorganization of the perturbation series for thermal eld theory. It an be made more systemati by using
a framework alled optimized perturbation theory that Chiku and Hatsuda [49℄ have applied to a spontaneously
broken salar eld theory. The Lagrangian density is written as
LSPT = −E0 + 1
2
∂µφ∂
µφ− 1
2
(
m2 −m21
)
φ2 − g
2
24
φ4 +∆L+∆LSPT . (3)
Here, E0 is the vauum energy density term, and we have added and subtrated mass terms. If we set E0 = 0 and
m21 = m
2
, we reover the original Lagrangian Eq. (1). Sreened perturbation theory is dened by taking m2 to be
of order unity and m21 to of order g
2
, expanding systematially in powers of g2 and setting m21 = m
2
at the end of
the alulation. This denes a reorganization of the perturbative series in whih the expansion is about the free eld
theory dened by
Lfree = −E0 + 1
2
∂µφ∂
µφ− 1
2
m2φ2 . (4)
The interating term is
Lint = 1
2
m21φ
2 − g
2
24
φ4 +∆L+∆LSPT . (5)
Sreened perturbation theory generates new ultraviolet divergenes, but they an be anelled by the additional
ounterterm in∆LSPT. If we use dimensional regularization and minimal subtration, the oeients of these operators
are polynomials in g2 and (m2 −m21). The ounterterm ∆L is
∆L = −∆g
2
24
φ4 . (6)
The additional ounterterms required to remove the new divergenes are
∆LSPT = −∆E0 − 1
2
(
∆m2 −∆m21
)
φ2 . (7)
Several terms in the power series expansions of the ounterterms are known from previous alulations at zero temper-
ature. The ounterterms ∆g2 and ∆m2 are known to order α5, where α = g2/(4π)2 [50℄. We will need the oupling
onstant ounterterm to next-to-leading order in α:
∆g2 =
[
3
2ǫ
α+
(
9
4ǫ2
− 17
12ǫ
)
α2 + · · ·
]
g2 . (8)
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We need the mass ounterterms ∆m2 and ∆m21 to next-to-leading in α:
∆m2 =
[
1
2ǫ
α+
(
1
2ǫ2
− 5
24ǫ
)
α2 + · · ·
]
m2 , (9)
∆m21 =
[
1
2ǫ
α+
(
1
2ǫ2
− 5
24ǫ
)
α2 + · · ·
]
m21 . (10)
The ounterterm for ∆E0 has been alulated to order α4 [51℄. We will need its expansion only to rst order in α and
seond order in m21:
(4π)2∆E0 =
[
1
4ǫ
+
1
8ǫ2
α
]
m4 − 2
[
1
4ǫ
+
1
8ǫ2
α
]
m21m
2 +
[
1
4ǫ
+
1
8ǫ2
α
]
m41 . (11)
III. FREE ENERGY TO FOUR LOOPS
In this setion, we alulate the m/T expansions of the pressure to four loops in sreened perturbation theory. In
performing the trunation, m is treated as a quantity that is O(g) and we inlude all terms whih ontribute to order
g7.
A. One-loop free energy
The free energy at leading order in g2 is
F0 = E0 + F0a +∆0E0 , (12)
where ∆0E0 is the term of order g0 in the vauum energy ounterterm Eq. (11).
F0a
Figure 1: One-loop vauum diagram.
The expression for diagram F0a in Fig. 1 is
F0a = 1
2
∑∫
P
log
[
P 2 +m2
]
, (13)
where the symbol
∑∫
P
is dened in Appendix A.
Treating m as O(gT ) and inluding all terms whih ontribute through O(g7), we obtain
F0a = 1
2
I ′0 +
1
2
m2I1 + 1
2
TI ′0 −
1
4
m4I2 + 1
6
m6I3 , (14)
5
where the sum-integrals I ′0 and In are dened in Appendix A and the integral I ′0 is dened in Appendix B. In
Appendix C, we illustrate the m/T expansion of simple one-loop sum-integrals suh as the one appearing in Eq. (13).
We also note that most of the multiloop diagrams are produts of simple one-loop sum-integrals.
The term I2 is logarithmially divergent and the pole in ǫ is anelled by the zeroth-order term ∆0E0 in Eq. (11).
The nal result for the trunated one-loop free energy is
F0 = −π
2T 4
90
[
1− 15mˆ2 + 60mˆ3 + 45(L+ γE)mˆ4 − 15
2
ζ(3)mˆ6
]
, (15)
where mˆ = m2πT and L = log
µ
4πT .
B. Two-loop free energy
The ontribution to the free energy at two loops is given by
F1 = F1a + F1b +∆1E0 + ∂F0a
∂m2
∆1m
2 , (16)
where ∆1E0 and ∆1m2 are the vauum and mass ounterterms of order g2, respetively. The expressions for the
F1a F1b
Figure 2: Two-loop vauum diagrams. The ross denotes a mass insertion.
diagrams F1a and F1b in Fig. 2 are
F1a = 1
8
g2
(∑∫
P
1
P 2 +m2
)2
, (17)
F1b = −1
2
m21
∑∫
P
1
P 2 +m2
. (18)
Expanding the sum-integrals in Eqs. (17) and (18) to order O(g7) yields
F1a = 1
8
g2
[
I21 + 2TI1I1 − 2m2I1I2 + T 2I21 − 2m2I1TI2 + 2m4I1I3 +m4I22 + 2m4TI1I3
]
, (19)
F1b = −1
2
m21
[
I1 + TI1 −m2I2 +m4I3
]
, (20)
where the integral In is dened in Appendix B.
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The poles in ǫ in Eqs. (19) and (20) are anelled by the ounterterms in Eq. (16). The nal result for the two-loop
ontribution to the free energy is
F1 = π
2T 4
90
α
[
5
4
− 15mˆ− 15 (L+ γE − 3) mˆ2 + 90(L+ γE)mˆ3 + 45
(
(L+ γE)
2 +
1
12
ζ(3)
)
mˆ4 − 45
2
ζ(3)mˆ5
]
−π
2T 4
90
15mˆ21
[
1− 6mˆ− 6(L+ γE)mˆ2 + 3
2
ζ(3)mˆ4
]
. (21)
Note that we here and in the following have pulled out a fator of Fideal = −π2T 4/90.
C. Three-loop free energy
The ontribution to the free energy at three loops is
F2 = F2a + F2b + F2c + F2d +∆2E0 + ∂F0a
∂m2
∆2m
2 +
1
2
∂2F0a
(∂m2)
2
(
∆1m
2
)2
+
(
∂F1a
∂m2
+
∂F1b
∂m2
)
∆1m
2
+
F1a
g2
∆1g
2 +
F1b
m21
∆1m
2
1 , (22)
where we have inluded all neessary ounterterms. The expressions for the diagrams F2a, F2b, F2c, and F2d in Fig. 3
F2a F2b
F2c F2d
Figure 3: Three-loop vauum diagrams.
are
F2a = − 1
16
g4
(∑∫
P
1
P 2 +m2
)2∑∫
Q
1
(Q2 +m2)2
, (23)
F2b = − 1
48
g4
∑∫
PQR
1
P 2 +m2
1
Q2 +m2
1
R2 +m2
1
(P +Q+R)2 +m2
, (24)
F2c = 1
4
g2m21
∑∫
P
1
P 2 +m2
∑∫
Q
1
(Q2 +m2)2
, (25)
F2d = −1
4
m41
∑∫
P
1
(P 2 +m2)2
. (26)
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Expanding in powers of m2 to the appropriate order gives 1
F2a = − 1
16
g4
[
TI21I2 + I21I2 + 2T 2I1I1I2 + T 3I21I2 + 2TI1I1I2 − 2m2TI1I2I2 + T 2I2I21 − 2m2I21I3
−2m2T 2I2I1I2 − 2m2I1I22 − 4m2TI1I1I3 − 2m2TI1I22 +m4TI2I22 + 2m4TI2I1I3
]
, (27)
F2b = − 1
48
g4
[
Iball + T 3Iball + 4TI1Isun + 6T 2I2I21 − 4m2I ′ball − 8m2TI1
∑∫
QR
Q2 + (2/d)q2
Q6R2(Q +R)2
]
, (28)
F2c = 1
4
g2m21
[
TI1I2 + I1I2 + T 2I1I2 + TI2I1 −m2TI2I2 −m2I22 − 2m2I1I3 − 2m2TI1I3 +m4TI2I3
]
, (29)
F2d = −1
4
m41
[
TI2 + I2 − 2m2I3
]
, (30)
where Isun, and Iball, and I ′ball are dened in Appendix A, and Iball is dened in Appendix B.
The poles in ǫ in Eqs. (27)(30) are anelled by the ounterterms in Eq. (22).
The nal result for the three-loop ontribution to the free energy is
F2 = −π
2T 4
90
5
8
1
mˆ
α2
[
1− 2
(
59
15
− γE − 3L− 4ζ
′(−1)
ζ(−1) + 2
ζ′(−3)
ζ(−3)
)
mˆ
−12mˆ2
(
5 + 7L+ 3γE − 8 log mˆ− 8 log 2− 4ζ
′(−1)
ζ(−1)
)
+
(
268(L+ γE)− 48(L+ γE)2 + ζ
′(−1)
ζ(−1) (34 + 12γE)
+12
ζ′′(−1)
ζ(−1) + γE(17− 21γE) + 34 +
9π2
2
− 48γ1 − ζ(3)− 6C′ball
)
mˆ3
+
(
89 + 120(L+ γE) + [18(L+ γE)]
2 + 15ζ(3)
)
mˆ4
]
+
π2T 4
90
15
2
mˆ21
mˆ
α
[
1 + 2 (L+ γE − 3) mˆ− 18(L+ γE)mˆ2 −
(
12 (L+ γE)
2
+ ζ(3)
)
mˆ3 +
15
2
ζ(3)mˆ4
]
−π
2T 4
90
45
2
mˆ41
mˆ
[
1 + 2(L+ γE)mˆ− ζ(3)mˆ3
]
. (31)
Here C′ball = 48.7976 is the numerial onstant in I ′ball [13℄.
1
Notie that the term TI1Isun in F2b in Eq. eqref2b vanishes. However, we inlude this term beause it gives rise to a nite
term at four loops when renormalizing the oupling onstant g.
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D. Four-loop free energy
The ontributions to the free energy at four loops are
F3 = F3a + F3b + F3c + F3d + F3e + F3f + F3g + F3h + F3i + F3j +∆3E0 + ∂F0a
∂m2
∆3m
2 +
1
6
∂3F0a
(∂m2)3
(
∆1m
2
)3
+
∂2F0a
(∂m2)2
(
∆1m
2
) (
∆2m
2
)
+
(
∂F1a
∂m2
+
∂F1b
∂m2
)
∆2m
2 +
F1a
g2
∆2g
2 +
(
2
F2a
g2
+ 2
F2b
g2
+
F2c
g2
)
∆1g
2
+
1
2
(
∂F21a
(∂m2)2
+
∂F21b
(∂m2)2
)
(∆1m
2)2 +
F1b
m21
∆2m
2
1 +
∂F1b
m21∂m
2
(
∆1m
2
) (
∆1m
2
1
)
+
1
g2
∂F1a
∂m2
(
∆1g
2
) (
∆1m
2
)
+
(F2c
m21
+ 2
F2d
m21
)
∆1m
2
1 +
(
∂F2a
∂m2
+
∂F2b
∂m2
+
∂F2c
∂m2
+
∂F2d
∂m2
)
∆1m
2 . (32)
Note that some of the terms rst ontribute at order g8 or higher. For example, the vauum ounterterm ∆3E0 rst
ontributes at order m4α2 ∼ g8.
The expressions for the diagrams F3aF3j, in Fig. 4 are
F3a = 1
32
g6
(∑∫
P
1
P 2 +m2
)2(∑∫
Q
1
(Q2 +m2)2
)2
, (33)
F3b = 1
48
g6
(∑∫
P
1
P 2 +m2
)3∑∫
Q
1
(Q2 +m2)3
, (34)
F3c = 1
24
g6
∑∫
PQR
1
(P 2 +m2)2
1
Q2 +m2
1
R2 +m2
1
(P +Q +R)2 +m2
∑∫
S
1
S2 +m2
(35)
F3d = 1
48
g6
∑∫
PQRS
1
Q2 +m2
1
(P +Q)2 +m2
1
R2 +m2
1
(P +R)2 +m2
1
S2 +m2
1
(P + S)2 +m2
, (36)
F3e = −1
8
g4m21
∑∫
P
1
P 2 +m2
(∑∫
Q
1
(Q2 +m2)2
)2
, (37)
F3f = −1
8
g4m21
(∑∫
P
1
P 2 +m2
)2∑∫
Q
1
(Q2 +m2)3
, (38)
F3g = − 1
12
g4m21
∑∫
PQR
1
(P 2 +m2)2
1
Q2 +m2
1
R2 +m2
1
(P +Q+R)2 +m2
(39)
F3h = 1
4
g2m41
∑∫
P
1
P 2 +m2
∑∫
Q
1
(Q2 +m2)3
, (40)
F3i = 1
8
g2m41
(∑∫
P
1
(P 2 +m2)2
)2
, (41)
F3j = −1
6
m61
∑∫
P
1
(P 2 +m2)3
. (42)
9
F3a
F3b F3c
F3d F3e
F3f F3g
F3h F3i
F3j
Figure 4: Four-loop vauum diagrams.
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Expanding the sum-integrals in powers of m2 to the appropriate order gives
F3a = 1
32
g6
[
T 2I22I21 + 2T 3I1I22I1 + 2TI2I21I2 + I21I22 + T 4I21I22 + 2TI1I1I22 − 2m2T 2I22I1I2
−2m2T 3I1I22I2 + 4T 2I1I2I1I2 − 4m2TI2I1I22 + 2T 3I21I2I2 − 4m2TI2I21I3
]
, (43)
F3b = 1
48
g6
[
TI3I31 + 3T 2I1I3I21 + 3T 3I3I21I1 − 3m2TI3I21I2 + I3I31 + T 4I31I3 − 6m2T 2I1I3I1I2
+3TI1I21I3 − 3m2T 3I21I3I2 + 3m4TI3I21I3 + 3m4TI3I1I22
]
, (44)
F3c = 1
24
g6
[(I1 + TI1 −m2I2)T 3I ′ball + (I1 + TI1)I ′ball + 3T 2I1I2I1I2 −m2TI2I2Isun
+3T 3I21I2I2 + 2I1
(
TI1 −m2TI2
)∑∫
QR
Q2 + (2/d)q2
Q6R2(Q+R)2
]
, (45)
F3d = 1
48
g6
[∑∫
P
[Π(P )]
3
+ T 4Itriangle + 6TI1
∑∫
P
1
P 2
[Π(P )]
2
+ 3T 3I2Iball
]
, (46)
F3e = −1
8
g4m21
[
T 2I22I1 + T 3I1I22 + 2TI2I1I2 − 2m2TI2I22 + I1I22 + 2T 2I1I2I2 −m2T 2I22I2
+TI1I22 − 4m2TI2I1I3
]
, (47)
F3f = −1
8
g4m21
[
TI3I21 + 2T 2I3I1I1 + T 3I3I21 − 2m2TI3I1I2 + I3I21 − 2T 2m2I3I1I2 + 2TI1I1I3
+2m4TI3I1I3 +m4TI3I22
]
, (48)
F3g = − 1
12
g4m21
[
T 3I ′ball + I ′ball ++3T 2I1I2I2 + 2
(
TI1 −m2TI2
)∑∫
QR
Q2 + (2/d)q2
Q6R2(Q+R)2
]
, (49)
F3h = 1
4
g2m41
[
TI3I1 + T 2I1I3 + TI1I3 −m2TI2I3 + I1I3 +m4TI3I3
]
, (50)
F3i = 1
8
g2m41
[
T 2I22 + 2TI2I2 + I22 − 4m2TI2I3
]
, (51)
F3j = −1
6
m61 [TI3 + I3] , (52)
where the self-energy Π(P ) is dened in Eq. (D.2) and the integrals I ′ball and Itriangle are dened in Appendix B. The
poles in Eqs. (43)(52) are anelled by the ounterterms in Eq. (32). The nal result for the four-loop ontribution
to the free energy is
11
F3 = π
2T 4
90
5
288
α3
mˆ3
[
1 + 18
(
11L+ 3γE − 6− 16 log 2− 16 log mˆ− 8ζ
′(−1)
ζ(−1)
)
mˆ2
+
(
1236 + 108Catriangle + 36C
′
ball + 288γ1 −
9198
5
γE + 450γ
2
E −
6456
5
L+ 432γEL+ 648L
2 + 135π2
−54π2Cbtriangle − 216π2γE + (2100− 72γE + 1728L)
ζ′(−1)
ζ(−1) + 432
(
ζ′(−1)
ζ(−1)
)2
− 432(γE + 2L)ζ
′(−3)
ζ(−3)
+360
ζ′′(−1)
ζ(−1) + 1728 log 2 + 216π
2 log 2 + 432(4− π2) log mˆ− 4534ζ(3)
)
mˆ3
+
9
2
(
3742− 288CI − 48C′ball − 8064γ1 − 6072γE − 2544γ2E − 3904L− 1872γEL
−2184L2 + 900π2 + (1808 + 1824γE + 2496L)ζ
′(−1)
ζ(−1) − 288
ζ′′(−1)
ζ(−1) + 2688γE log 2
+4992L log2 + 4992(γE + L) log mˆ− 2304γE log π + 2304 log2(2π)− 15ζ(3)
)
mˆ4
]
−π
2T 4
90
5
16
α2mˆ21
mˆ3
[
1 +
(
84L+ 36γE − 96 log mˆ− 36− 96 log 2− 48ζ
′(−1)
ζ(−1)
)
mˆ2
+2
(
48(L+ γE)
2 − 268(L+ γE)− γE(17− 21γE) + 48γ1 − 34− 9π
2
2
−ζ
′(−1)
ζ(−1) (34 + 12γE)− 12
ζ′′(−1)
ζ(−1) + ζ(3) + 6C
′
ball
)
mˆ3 − 3
(
89 + 120(L+ γE) + [18(L+ γE)]
2
+15ζ(3)
)
mˆ4
]
+
π2T 4
90
15
8
αmˆ41
mˆ3
[
1 + 18(L+ γE)mˆ
2 + [24(L+ γE)
2 + 2ζ(3)]mˆ3 − 45
2
ζ(3)mˆ4
]
−π
2T 4
90
15
4
mˆ61
mˆ3
[
1 + 2ζ(3)mˆ3
]
, (53)
where the onstants are
C′ball = 48.7976 , (54)
Catriangle = −25.7055 , (55)
Cbtriangle = 28.9250 , (56)
CI = −38.5309 . (57)
There are a ouple of alulational details that are worth while pointing out. The g6 ontribution arising from diagram
F3d when all momenta are hard reads
F (hhhh)3d =
∑∫
P
[Π(P )]3 . (58)
This term an be ombined with the g6 term arising from the ounterterm F2b∆1g2 = −g4Iball∆1g2/48 and gives
∑∫
P
{
[Π(P )]3 − 3
(4π)2ǫ
[Π(P )]2
}
. (59)
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This partiular ombination was rst alulated by Gynther et al. [13℄ using the methods of Arnold and Zhai. Similarly,
we ombine the g7 term from F3d with the term TI1Isun from F2b∆1g2, whih gives
∑∫
P
1
P 2
{
[Π(P )]2 − 2
(4π)2ǫ
[Π(P )]
}
. (60)
We alulate this sum-integral in Appendix D. Finally, the term from F2b∆1m2 whih involves Isun an be ombined
with the term −m2I2I2Isun arising from F3c to give
1
24
g6m2I2
(
1
(4π)2
1
ǫ
− I2
)
Isun . (61)
Sine Isun vanishes at order ǫ0 and the term inside the paranthesis is nite, the partiular ombination (61) vanishes
in the limit ǫ→ 0.
E. Pressure to four loops
The pressure P is given by −F . The ontributions to the pressure of zeroth, rst, seond order, and third order
in g2 are given by Eqs. (15), (21), (31), and (53), respetively. Adding these ontributions and setting E0 = 0 and
m21 = m
2
, we obtain approximations to the pressure in sreened perturbation theory whih are aurate to O (g7).
The one-loop approximation to the pressure is
P0 = Pideal
[
1− 15mˆ2 + 60mˆ3 + 45mˆ4(L+ γE)− 15
2
ζ(3)mˆ6
]
, (62)
where Pideal = π2T 4/90 is the pressure of an ideal gas of massless partiles.
The two-loop approximation to the pressure is obtained by adding Eq. (21) with m21 = m
2
:
P0+1 = Pideal
{
1− 5
4
α+ 15mˆα+ 15mˆ2(L+ γE − 3)α− 30mˆ3
[
1 + 3(L+ γE)α
]
−45mˆ4
[
(L+ γE) +
(
(L+ γE)
2 +
1
12
ζ(3)
)
α
]
+
45
2
ζ(3)mˆ5α+ 15ζ(3)mˆ6
}
. (63)
The three-loop approximation to the pressure is obtained by adding Eq. (31) with m21 = m
2
:
P0+1+2 = Pideal
{
1 +
5
8mˆ
α2 − 5
4
α+
(
− 59
12
+
15
4
L+
5
4
γE + 5
ζ′(−1)
ζ(−1) −
5
2
ζ′(−3)
ζ(−3)
)
α2
+
15
2
mˆ
[
1−
(
5 + 3γE + 7L− 8 log mˆ− 8 log 2− 4ζ
′(−1)
ζ(−1)
)
α
]
α+
5
8
mˆ2
(
268(L+ γE)− 48(L+ γE)2
+
ζ′(−1)
ζ(−1) (34 + 12γE) + 12
ζ′′(−1)
ζ(−1) + γE(17− 21γE) + 34 +
9π2
2
− 48γ1 − ζ(3)− 6C′ball
)
α2
−15
2
mˆ3
[
1− 6(L+ γE)α− 1
12
(
89 + 120(L+ γE) + [18(L+ γE)]
2 + 15ζ(3)
)
α2
]
+45mˆ4
(
(L+ γE)
2 +
1
12
ζ(3)
)
α− 135
4
mˆ5αζ(3)− 15
2
mˆ6ζ(3)
}
. (64)
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The four-loop approximation to the pressure is obtained by adding Eq. (53) to Eq. (64), with m21 = m
2
:
P0+1+2+3
Pideal = 1−
5
288
α3
mˆ3
+
15
16
1
mˆ
[
α2 +
1
3
(
16 log mˆ+ 6− 3γE − 11L+ 8ζ
′(−1)
ζ(−1) + 16 log 2
)
α3
]
−5
4
[
α−
(
3L− 59
15
γE + 4
ζ′(−1)
ζ(−1) − 2
ζ′(−3)
ζ(−3)
)
α2 +
1
72
(
1236 + 36C′ball + 108C
a
triangle
+288γ1 − 9198
5
γE + 450γ
2
E −
6456
5
L+ 432γEL+ 648L
2 + 135π2 − 54π2Cbtriangle
−216π2γE + (2100− 72γE + 1728L)ζ
′(−1)
ζ(−1) + 432
(
ζ′(−1)
ζ(−1)
)2
− 432(γE + 2L)ζ
′(−3)
ζ(−3)
+360
ζ′′(−1)
ζ(−1) + 1728 log 2 + 216π
2 log 2 + 432(4− π2) log mˆ− 4534ζ(3)
)
α3
]
+
45
8
mˆ
[
α− 2
3
(
13 + 3γE + 7L− 4ζ
′(−1)
ζ(−1) − 8 log 2− 8 log mˆ
)
α2 − 1
72
(
3742− 288CI
−48C′ball − 8064γ1 − 6072γE − 2544γ2E − 3904L− 1872γEL− 2184L2 + 900π2
+(1808 + 1824γE + 2496L)
ζ′(−1)
ζ(−1) − 288
ζ′′(−1)
ζ(−1) + 2688γE log 2 + 4992L log 2
+4992(γE + L) log mˆ− 2304γE log π + 2304 log2(2π)− 15ζ(3)
)
α3
]
−15
4
mˆ3
[
1− 3(L+ γE)α+ 1
12
(
89 + 120(L+ γE) + [18(L+ γE)]
2 + 15ζ(3)
)
α2
]
+
135
16
ζ(3)mˆ5α . (65)
The nal result for the pressure is given by Eq. (65). If we use the weak-oupling expansion for the mass parameter,
mˆ2 = α/6, our result redues to the weak-oupling expansion result through order α3. 2 Inserting mˆ2 into Eq. (65),
we obtain
P = Pideal
{
1− 5
4
α+
5
√
6
3
α3/2 +
15
4
[
log
µ
4πT
+ C4
]
α2 − 15
√
6
2
[
log
µ
4πT
− 2
3
logα+ C5
]
α5/2
−45
4
[
log2
µ
4πT
− 1
3
(
269
45
− 2γE − 8ζ
′(−1)
ζ(−1) + 4
ζ′(−3)
ζ(−3)
)
log
µ
4πT
+
1
3
(4 − π2) logα+ C6
]
α3
}
, (66)
where the onstants C4C6 are
C4 ≡ −59
45
+
1
3
γE +
4
3
ζ′(−1)
ζ(−1) −
2
3
ζ′(−3)
ζ(−3) , (67)
C5 ≡ 5
6
+
1
3
γE − 2
3
log
2
3
− 2
3
ζ′(−1)
ζ(−1) , (68)
C6 ≡ 1
3
(4− π2) log 2
3
+
103
54
+
1
18
C′ball −
1
6
Catriangle −
π2
12
Cbtriangle +
4
9
γ1 − 511
180
γE +
25
36
γ2E +
5π2
24
− π
2
3
γE
+π2 log 2 +
(
175
54
− 1
9
γE
)
ζ′(−1)
ζ(−1) +
2
3
(
ζ′(−1)
ζ(−1)
)2
+
5
9
ζ′′(−1)
ζ(−1) −
2
3
γE
ζ′(−3)
ζ(−3) −
2267
324
ζ(3) . (69)
2
It is important to point out that we have only alulated part of the g7-term in the weak-oupling expansion. See the
disussion in Se. V.
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The numerial values of C4C6 are
C4 = 1.09775 , (70)
C5 = −0.0273205 , (71)
C6 = −6.59363 . (72)
Gynther et al. [13℄ have alulated the pressure for an O(N)-symmetri theory at weak oupling through order g6
using eetive eld theory methods. Our result agrees with theirs for N = 1.
Using the renormalization group equation for the running oupling onstant to next-to-leading order,
µ
dα
dµ
= 3α2 − 17
3
α3 , (73)
it is straightforward to verify that the result (66) is independent of the renormalization sale µ through order g6 log g.
IV. GAP EQUATIONS AND NUMERICAL RESULTS
The mass parameter m in sreened perturbation theory is ompletely arbitrary. In order to omplete a alulation
using SPT, we need a presription for the mass parameter m as a funtion of g and T . One of the ompliations
whih arises from the ultraviolet divergenes is that the parameters E0, m2, m21, and g2 are all running parameters
that depend on the renormalization sale µ.
The presription of Karsh, Patkós, and Petrezky for m∗(T ) is the solution to the one-loop gap equation:
m2∗ =
1
2
α(µ∗)
[
J1(βm∗)T
2 −
(
2 log
µ∗
m∗
+ 1
)
m2∗
]
, (74)
where µ∗ is the renormalization sale and J1(βm) is the funtion
J1(βm) = 8β
2
∫ ∞
0
dpp2
(p2 +m2)1/2
1
eβ(p2+m2)1/2 − 1 . (75)
Their hoie for the sale was µ∗ = T . In the weak-oupling limit, the solution to (74) is m∗ = g(µ∗)T/
√
24. The gap
equation (74) is the renormalized version of the following equation
m2 =
1
2
g2
∑∫
P
1
P 2 +m2
. (76)
There are many possibilities for generalizing (74) to higher orders in g. We will onsider three dierent possibilities
in the following.
1. Debye mass
One lass of possibilities is to identify m∗ with some physial mass in the system. The simplest hoie is the Debye
mass mD dened by the loation of the pole in the stati propagator:
p2 +m2 +Σ(0, p) = 0 , p2 = −m2D . (77)
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The Debye mass is a well dened quantity in salar eld theory and abelian gauge theories at any order in perturbation
theory. However, in nonabelian gauge theories, it is plagued by infrared divergenes beyond leading order [52℄.
2. Tadpole mass
The tadpole mass is another generalization of Eq. (74) to higher loops. It an be alulated by taking the partial
derivative of the free energy F with respet to m2 before setting m1 = m:
m2t = g
2 ∂F
∂m2
∣∣∣∣
m1=m
. (78)
From this equation, we see that m2t is proportional to the expetation value 〈φ2〉. The tadpole mass is well dened at
all orders in salar eld theory, but the generalization to gauge theories is problemati. The natural replaement of
〈φ2〉 would be 〈AµAµ〉, whih is a gauge-variant quantity.
3. Variational mass
There is another lass of presriptions that is variational in spirit. The results of SPT would be independent of m
if they were alulated to all orders. This suggests hoosing m to minimize the dependene of some physial quantity
on m. The variational mass is dened by minimizing the free energy;
∂F
∂m2
= 0 . (79)
The variational mass has the benet that it is well dened at all orders in perturbation theory and an easily be
generalized to gauge theories.
4. Comparison
At one loop, the three dierent presriptions give the same gap equation, Eq. (74). Moreover, it turns out that
the two-loop tadpole mass oinides with the one-loop tadpole mass [18℄. However, at two loops the sreening and
variational masses are ill-behaved [18℄. The sreening mass solution eases to exist beyond g ∼ 2.6 and the variational
gap equation only has solutions in the viinity of g = 0 for some values of L. In the following, we therefore restrit
ourselves to the tadpole gap equation.
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5. Tadpole gap equation through three loops
At one loop, the renormalized gap equation follows from Eq. (15) upon dierentiation with respet to m2 and an
be written as
0 = mˆ2 − 1
6
α
[
1− 6mˆ− 6mˆ2 (L+ γE) + 3
2
ζ(3)mˆ4
]
. (80)
At two loops, the renormalized gap equation follows from dierentiating the sum of Eqs. (15) and (21) with respet
to m, and setting m1 = m. It an be written in the form
0 = mˆ2 +
α2
12mˆ
− α
6
[
1 + α(3 − γE − L)
]
+
1
2
mˆα
[
1− 3α(γE + L)
]
−mˆ2α2
[
(γE + L)
2 +
ζ(3)
12
]
+
5
8
mˆ3α2ζ(3) +
1
4
m4αζ(3) . (81)
At three loops, the renormalized gap equation follows from dierentiating the sum of Eqs. (15), (21), and (31) and
setting m1 = m. This yields
0 = mˆ2 +
1
8
α2
mˆ
{
1 + α
[
1− γE − 7
3
L+
4
3
ζ′(−1)
ζ(−1) +
8
3
log 2 +
8
3
log mˆ
]}
−α
6
{
1− α(L + γE − 3) + α2
[
2(L+ γE)
2 − 17
12
+ 2γ1 − 67
6
(L + γE)− 1
24
γE(17− 21γE)
−3π
2
16
− 17
12
ζ′(−1)
ζ(−1) −
1
2
γE
ζ′(−1)
ζ(−1) −
1
2
ζ′′(−1)
ζ(−1) +
1
24
ζ(3) +
1
4
C′ball
]}
+
3
8
mˆα
{
1− 2α(L+ γE) + α2
[
9(L+ γE)
2 +
10
3
(L+ γE) +
89
36
+
5
12
ζ(3)
]}
− 5
16
mˆ3α2ζ(3) . (82)
6. Numerial results
The two-loop SPT-improved approximation to the pressure is obtained by inserting the solution to the one-loop
gap equation (80) into the two-loop pressure (63). In Fig. 5a we show the various trunations to the two-loop SPT
improved approximation to the P/Pideal as a funtion of g(2πT ). We notie that the various trunations onverge
quikly. The order-g4 to order-g7 results are almost indistinguishable and essentially equal to the exat numerial
two-loop result in Ref. [18℄. In the three-loop ase, we insert the solution to the two-loop gap equation (81) into the
three-loop pressure (64). In Fig. 5b, we show the various trunations to the three-loop SPT-improved approximation
to P/Pideal as a funtion of g(2πT ) . The three-loop result also onverges to the exat numerial three-loop result,
albeit not as fast as in the two-loop ase. At four loops, we insert the solution to the three-loop gap equation (82) into
the four-loop pressure (65). In Fig. 5, we show the various trunations to the four-loop SPT-improved approximation
to P/Pideal as a funtion of g(2πT ) . Although we annot ompare our suessive approximations with a numerially
exat 4-loop result for the pressure, we expet them to onverge reasonably fast. Based on the experiene with the two-
and three-loop approximations, we expet that the g7-trunation provides a good approximation to the numerially
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Figure 5: (a) 2-loop pressure, (b) 3-loop pressure, () 4-loop pressure, (d) weak-oupling expansion of the pressure,
all normalized to Pideal.
exat result. Clearly, however, only a alulation through g8 an settle this issue rmly. In Fig. 5d, we show the
weak-oupling expansion of P/Pideal to orders g2, g3, g4, g5, and g6 as a funtion of g(2πT ) for omparison. Note
that the results to order g2 are idential in SPT and in the weak-oupling expansion sine there is no m-dependene
at this order.
In Fig.6a, we show the two, three- and four-loop pressure through order g7 normalized to P/Pideal as a funtion of
g(2πT ) . In Fig. 6b, we show the weak-oupling expansion of P/Pideal to orders g2, g3, g4, g5, and g6 as a funtion of
g(2πT ) for omparison. The suessive approximations using sreened perturbation theory have better onvergene
properties than the weak-oupling results. The improved stability is partly due to the fat that we are using a thermal
mass determined by a gap equation and not by the perturbative value for the Debye mass.
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Figure 6: (a) Pressure normalized to Pideal through g7 for various loop orders, (b) weak-oupling pressure at various
orders of g.
V. SUMMARY AND OUTLOOK
In this paper, we have alulated the pressure of massless salar eld theory to four loops using sreened perturbation
theory expanding in a double expansion in powers of g2 and m/T . Treating m as O(gT ), we trunated our expansion
at order g7. The expansion required the evaluation of a new nontrivial three-loop diagram, where we evaluated the
sum-integral using the tehniques developed in Ref. [10℄. We have seen that the suessive approximations are more
stable than the weak-oupling expansion. In partiular, it is interesting to note that the four-loop urve lies between
the two-loop urve and the three-loop urve. The apparent improved onvergene seemed to be linked to the fat that
SPT basially is an expansion about an ideal gas of massive partiles instead of an expansion about an ideal gas of
massless partiles whih is the ase for the weak-oupling expansion.
Using the weak-oupling value for the mass parameter m, our result redues to the weak-oupling result for the
pressure through g6. In partiular, we have reprodued the pressure at weak oupling for N = 1 obtained by Gynther
et al [13℄. Using eetive-eld theory methods , the authors in Ref. [13℄ have alulated the hard and soft ontributions
to the pressure through order g6 separately. It appears that the onvergene properties in the hard setor are better
than in the soft setor even for moderate values of the oupling.
We have mentioned that our result only inludes part of the full g7-term in the weak oupling expansion. This is
straightforward to see if one uses the eetive-eld theory approah developed in [6℄. The ontributions to the free
energy omes from the two momentum sales T and gT . The ontribution from the hard sale T an be alulated
by evaluating the sum-integrals with bare propagators and so is therefore a series in g2 starting at order g0. The
ontribution to the free energy from the soft sale gT an be alulated using an eetive Eulidean three-dimensional
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eld theory whose oeients depend on g and T . This ontribution to the free energy is a series in g starting at g3.
The ontributions to the free energy that are odd in powers in g is therefore entirely oming from three-dimensional
vauum diagrams and power-ounting tells you immediately that part of the g7 term is arising from the ve-loop
vauum diagrams. Our four-loop alulation therefore agrees with the weak-oupling expansion through order g6.
In order to evaluate the free energy to order g7, we must determine all the oeients in the eetive theory to
suiently high order in g. The only nontrivial alulation that is required is to determine the mass parameter in the
eetive theory to order g6. This involves the expression for the diagram alulated in Appendix D i.e, the sum-integral
I ≡ ∑∫
P
1
P 2
{
[Π(P )]2 − 2
(4π)2ǫ
Π(P )
}
, (83)
The evaluation of the free energy to order g7 is in progress [53℄.
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Appendix A: SUM-INTEGRALS
In the imaginary-time formalism for thermal eld theory, the 4-momentum P = (P0,p) is Eulidean with P
2 =
P 20 + p
2
. The Eulidean energy p0 has disrete values: P0 = 2nπT for bosons, where n is an integer. Loop diagrams
involve sums over P0 and integrals over p. With dimensional regularization, the integral is generalized to d = 3 − 2ǫ
spatial dimensions. We dene the dimensionally regularized sum-integral by
∑∫
P
≡
(
eγµ2
4π
)ǫ
T
∑
P0=2nπT
∫
d3−2ǫp
(2π)3−2ǫ
, (A.1)
where 3 − 2ǫ is the dimension of spae and µ is an arbitrary momentum sale. The fator (eγ/4π)ǫ is introdued so
that, after minimal subtration of the poles in ǫ due to ultraviolet divergenes, µ oinides with the renormalization
sale of the MS renormalization sheme.
1. One-loop sum-integrals
The massless one-loop sum-integral is given by
In ≡
∑∫
P
1
P 2n
= (eγEµ2)ǫ
ζ(2n− 3 + 2ǫ)
8π2
Γ(n− 32 + ǫ)
Γ(12 )Γ(n)
(2πT )4−2n−2ǫ , (A.2)
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where ζ(x) is Riemann's zeta funtion. Speially, we need the sum-integrals
I ′0 ≡
∑∫
P
logP 2
= −π
2T 4
45
[1 +O (ǫ)] , (A.3)
I1 = T
2
12
( µ
4πT
)2ǫ [
1 +
(
2 + 2
ζ′(−1)
ζ(−1)
)
ǫ+
(
4 +
π2
4
+ 4
ζ′(−1)
ζ(−1) + 2
ζ′′(−1)
ζ(−1)
)
ǫ2 +O (ǫ3)] , (A.4)
I2 = 1
(4π)2
( µ
4πT
)2ǫ [1
ǫ
+ 2γE +
(
π2
4
− 4γ1
)
ǫ +O (ǫ2)] , (A.5)
I3 = 1
(4π)4T 2
[2ζ(3) +O (ǫ)] . (A.6)
2. Two-loop sum-integrals
We need two two-loop sum-integral that are listed below:
Isun =
∑∫
PQ
1
P 2Q2(P +Q)2
= O(ǫ) , (A.7)∑∫
PQ
P 2 + (2/d)p2
P 6Q2(P +Q)2
=
3
4(4π)4
( µ
4πT
)4ǫ [ 1
ǫ2
+
(
5
6
+ 4γE
)
1
ǫ
+
89
36
+
π
2
+
10
3
γE + 4γ
2
E − 8γ1 +O(ǫ)
]
. (A.8)
The setting-sun sum-integral was rst alulated by Arnold and Zhai in Ref. [10℄, while Eq. (A.8) was alulated in
Ref. [40℄.
3. Three-loop sum-integrals
We need the following three-loop sum-integrals:
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Iball =
∑∫
PQR
1
P 2Q2R2(P +Q+R)2
=
T 4
24(4π)2
( µ
4πT
)6ǫ [1
ǫ
+
91
15
+ 8
ζ′(−1)
ζ(−1) − 2
ζ′(−3)
ζ(−3) +O(ǫ)
]
, (A.9)
I ′ball =
∑∫
PQR
1
P 4Q2R2(P +Q+R)2
=
T 2
8(4π)4
( µ
4πT
)6ǫ [ 1
ǫ2
+
(
17
6
+ 4γE + 2
ζ′(−1)
ζ(−1)
)
1
ǫ
+
1
2
γE
(
17 + 15γE + 12
ζ′(−1)
ζ(−1)
)
+ C′ball +O(ǫ)
]
, (A.10)
∑∫
P
1
P 2
{
[Π(P )]2 − 2
(4π)2ǫ
Π(P )
}
= − T
2
4(4π)4
( µ
4πT
)6ǫ{ 1
ǫ2
+
1
ǫ
[
4
3
+ 2
ζ′(−1)
ζ(−1) + 4γE
]
+
1
3
[
46− 8γE − 16γ2E − 104γ1 − 24γE log(2π) + 24 log2(2π) +
45π2
4
+24
ζ′(−1)
ζ(−1) + 2
ζ′′(−1)
ζ(−1) + 16γE
ζ′(−1)
ζ(−1)
]
+ CI +O(ǫ)
}
, (A.11)
where C′ball = 48.7976 and CI = −38.5309. The massless basketball sum-integral was rst alulated in Ref. [10℄, and
I ′ball in Ref. [13℄. The expression for the sum-integral Eq. (A.11) appears here for the rst time and is alulated in in
appendix D.
4. Four-loop sum-integrals
We also need a single four-loop sum-integral whih was alulated in Ref. [13℄:
∑∫
P
{
[Π(P )]3 − 3
(4π)2ǫ
[Π(P )]2
}
= − T
4
16(4π)4
[
1
ǫ2
+
(
10
3
+ 4
ζ′(−1)
ζ(−1) + 4L
)
1
ǫ
+ (2L+ γE)
2
+
(
6
5
− 2γE + 4ζ
′(−3)
ζ(−3)
)
(2L+ γE) + C
a
triangle
]
− T
4
512(4π)2
[
1
ǫ
+ 8L+ 4γE + C
b
triangle
]
+O(ǫ) , (A.12)
where Catriangle = −25.7055 and Cbtriangle = 28.9250.
Appendix B: THREE-DIMENSIONAL INTEGRALS
Dimensional regularization an be used to regularize both the ultraviolet divergenes and infrared divergenes in
3-dimensional integrals over momenta. The spatial dimension is generalized to d = 3 − 2ǫ dimensions. Integrals are
evaluated at a value of d for whih they onverge and then analytially ontinued to d = 3. We use the integration
measure ∫
p
≡
(
eγµ2
4π
)ǫ ∫
d3−2ǫp
(2π)3−2ǫ
. (B.1)
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1. One-loop integrals
The one-loop integral is given by
In ≡
∫
p
1
(p2 +m2)n
=
1
8π
(eγEµ2)ǫ
Γ(n− 32 + ǫ)
Γ(12 )Γ(n)
m3−2n−2ǫ . (B.2)
Speially, we need
I ′0 ≡
∫
p
log(p2 +m2)
= −m
3
6π
( µ
2m
)2ǫ [
1 +
8
3
ǫ+
(
52
9
+
π2
4
)
ǫ2 +O (ǫ3)] , (B.3)
I1 = −m
4π
( µ
2m
)2ǫ [
1 + 2ǫ+
(
4 +
π2
4
)
ǫ2 +O (ǫ3)] , (B.4)
I2 =
1
8πm
( µ
2m
)2ǫ [
1 +
π2
4
ǫ2 +O (ǫ3)] , (B.5)
I3 =
1
32πm3
( µ
2m
)2ǫ [
1 + 2ǫ+
π2
4
ǫ2 +O (ǫ3)] . (B.6)
2. Three-loop integrals
We need two three-loop integrals:
Iball =
∫
pqr
1
p2 +m2
1
q2 +m2
1
r2 +m2
1
(p+ q+ r)2 +m2
= − m
(4π)3
( µ
2m
)6ǫ [1
ǫ
+ 8− 4 log 2 + 4
(
13 +
17
48
π2 − 8 log 2 + log2 2
)
ǫ+O (ǫ2)] , (B.7)
I ′ball =
∫
pqr
1
(p2 +m2)2
1
q2 +m2
1
r2 +m2
1
(p+ q+ r)2 +m2
=
1
8m(4π)3
( µ
2m
)6ǫ [1
ǫ
+ 2− 4 log 2 + 4
(
1 +
17
48
π2 − 2 log 2 + log2 2
)
ǫ +O (ǫ2)] . (B.8)
The massive basketball was alulated in Ref. [6℄ to order ǫ0, and to order ǫ in Ref. [54℄. The other 3-loop integral is
obtained by dierentianting the massive basketball with respet to the mass m.
3. Four-loop integrals
We need a single four-loop integral, namely the triangle integral. This integral was alulated in Ref. [54℄ and reads
Itriangle =
∫
pqrs
1
q2 +m2
1
(p+ q)2 +m2
1
r2 +m2
1
(p+ r)2 +m2
1
s2 +m2
1
(p+ s)2 +m2
=
π2
32(4π)4
( µ
2m
)8ǫ [1
ǫ
+ 2 + 4 log 2− 84
π2
ζ(3) +O (ǫ)
]
. (B.9)
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Appendix C: m/T EXPANSIONS
In this appendix, we list the m/T expansions of the sum-integrals we need. The sum-integrals inlude sums over
the Matsubara frequenies P0 = 2πnT and integrals over the three-momentum p. In the sum-integrals, two important
mass sales appear. These are the hard sale 2πT and the soft sale m. The soft sale m is of order gT and at weak
oupling this sale is well separated from the hard sale, m ≪ 2πT . We an therefore expand the sum-integrals as a
Taylor series in powers of m/T .
First onsider the simple one-loop sum-integral appearing in the expression for the one-loop free energy in Eq. (13):
F0a = 1
2
∑∫
P
log
[
P 2 +m2
]
=
1
2
∑∫ (h)
P
log
[
P 2 +m2
]
+
1
2
∑∫ (s)
P
log
[
P 2 +m2
]
, (C.1)
where the supersripts (h) and (s) denote the hard and soft ontributions, respetively. In the hard region, the
momentum P is of order T and so we an expand in powers of m2/P 2. This yields
∑∫ (h)
P
log
[
P 2 +m2
]
=
∑∫
P
logP 2 +m2
∑∫
P
1
P 2
− 1
2
m4
∑∫
P
1
P 4
+ · · · (C.2)
The ontribution from soft momenta is given by the p0 = 0 mode alone and and reads
∑∫ (s)
P
log
[
P 2 +m2
]
= T
∫
p
log(p2 +m2) . (C.3)
The other simple one-loop sum-integrals are expanded in a similar manner.
We next onsider the massive basketball diagram in Eq. (24):
Iball(m2) =
∑∫
PQR
1
(P 2 +m2)(Q2 +m2)(R2 +m2)[(P +Q+R)2 +m2]
. (C.4)
Eq. (C.4) involves three sum-integrals and so reeives ontributions from four momentum regions: (hhh), (hhs), (hss),
and (sss). In the rst ase, where all the loop momenta are hard, we an expand the sum-integral in powers of m2.
This yields
I(hhh)ball (m2) =
∑∫
PQR
1
P 2Q2R2(P +Q+R)2
− 4m2∑∫
PQR
1
P 4Q2R2(P +Q+R)2
+ · · · (C.5)
When two momenta are hard and one is soft, the ontribution reads
I(hhs)ball (m2) = 4T
∫
p
1
p2 +m2
∑∫
QR
1
Q2 +m2
1
R2 +m2
1
(p+Q+R)2 +m2
= 4T
∫
p
1
p2 +m2
∑∫
QR
1
Q2R2(Q +R)2
− 8m2T
∫
p
1
p2 +m2
[∑∫
QR
Q2 + (2/d)q2
Q6R2(Q+R)2
]
+ · · · . (C.6)
When one momentum is hard and two are soft, the ontribution is given by
I(hss)ball (m2) = 6T 2
∫
pq
1
p2 +m2
1
q2 +m2
∑∫
R
1
R2 +m2
1
(p+ q+R)2 +m2
= 6T 2
∫
pq
1
p2 +m2
1
q2 +m2
∑∫
R
1
R4
+ · · · . (C.7)
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Finally, when all momenta are soft, the ontribution is given by the massive basketball diagram Iball in three dimensions:
I(sss)ball (m2) = T 3
∫
pqr
1
p2 +m2
1
q2 +m2
1
r2 +m2
1
(p+ q+ r)2 +m2
. (C.8)
The basketball diagram with a single mass insertion, I ′ball(m2), an be alulated by dierentiating the massive
basketball diagram with respet to m2. This yields
I ′ball(m2) =
∑∫
PQR
1
(P 2 +m2)2
1
Q2 +m2
1
R2 +m2
1
(P +Q+R)2 +m2
=
∑∫
PQR
1
P 4Q2R2(P +Q+R)2
+ T
∫
p
1
(p2 +m2)2
∑∫
QR
1
Q2R2(Q+R)2
+2T
∫
p
p2
(p2 +m2)2
[∑∫
QR
Q2 + (2/d)q2
Q6R2(Q+R)2
]
+ 3T 2
∫
pq
1
p2 +m2
1
(q2 +m2)2
∑∫
R
1
R4
+T 3
∫
pqr
1
(p2 +m2)2
1
q2 +m2
1
r2 +m2
1
(p+ q+ r)2 +m2
+ · · · . (C.9)
Note that the seond term is formally of order g5, but it vanishes at order ǫ0 due to the fat that Isun = O(ǫ).
The massive four-loop triangle sum-integral reads
Itriangle(m2) =
∑∫
PQRS
1
Q2 +m2
1
(P +Q)2 +m2
1
R2 +m2
1
(P +R)2 +m2
1
S2 +m2
1
(P + S)2 +m2
. (C.10)
When all four momenta are hard, the leading ontribution is given by setting m = 0, i. e.
I(hhhh)triangle(m2) =
∑∫
PQRS
1
Q2(P +Q)2R2(P +R)2S2(P + S)2
. (C.11)
When one of the momenta is hard and three are soft, we nd
I(hsss)triangle(m2) = 3T 3
∫
pqr
1
p2 +m2
1
q2 +m2
1
r2 +m2
1
(p+ q+ r)2 +m2
∑∫
S
1
S4
+ · · · .
This ontribution is of order g7. When one momentum is soft and three momenta are hard, the ontribution is
I(shhh)triangle(m2) = 6T
∫
s
1
s2 +m2
∑∫
PQR
1
P 2 +m2
1
Q2 +m2
1
(P +Q)2 +m2
1
R2 +m2
1
(P +R)2 +m2
= 6T
∫
s
1
s2 +m2
∑∫
PQR
1
P 2Q2R2(P +Q)(P +R)2
+ · · · . (C.12)
This ontribution is of order g7. When all four loop momenta are soft, the ontribution is given by the massive
three-dimensional triangle diagram Itriangle:
I(ssss)triangle(m2) = T 4
∫
pqrs
1
q2 +m2
1
(p+ q)2 +m2
1
r2 +m2
1
(p+ r)2 +m2
1
s2 +m2
1
(p+ s)2 +m2
. (C.13)
This ontribution is of order g6. Finally, we notie that the ontribution when two momenta are soft and two momenta
are hard, is of higher order in the oupling g.
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Appendix D: EXPLICIT CALCULATIONS
In this appendix, we illustrate the use of the alulational tehniques developed by Arnold and Zhai in Ref. [10℄
to evaluate ompliated multiloop diagrams. The strategy is to rewrite the original sum-integral into two sets of
terms. The rst type is ultraviolet divergent, but is suiently simple to be evaluated analytially using dimensional
regularization. The seond type is nite both in the ultraviolet and the infrared, but is normally so ompliated that
it must be evaluated numerially. In order to isolate the divergenes in terms that are tratable, typially one or more
subtrations are required.
We need to alulate the following three-loop diagram
I ≡ ∑∫
P
1
P 2
{
[Π(P )]2 − 2
(4π)2ǫ
Π(P )
}
, (D.1)
where the self-energy Π(P ) is dened by
Π(P ) =
∑∫
Q
1
Q2(P +Q)2
. (D.2)
The rst term in Eq. (D.1) arises from the m/T -expansion of the triangle sum-integral in four dimensions, while the
seond term arises from the term TI1Isun whih is a part of the ounterterm F2b∆1g2/g2 .
At zero temperature, the self-energy is denoted by Π0(P ) and reads
Π0(P ) =
1
(4π)2
(
eγEµ2
P 2
)ǫ
Γ(ǫ)Γ2(1 − ǫ)
Γ(2− 2ǫ) . (D.3)
In order to isolate the UV divergenes and simplify the alulations, we write the self-energy as
Π(P ) =
1
(4π)2ǫ
+Π0s(P ) + Π
T (P ) , (D.4)
where Π0s(P ) is the nite part of Π
0(P ), i.e. we have subtrated the divergent piee in Eq. (D.3) from Π0(P ):
Π0s(P ) =
1
(4π)2
{(
eγEµ2
P 2
)ǫ
Γ(ǫ)Γ2(1− ǫ)
Γ(2− 2ǫ) −
1
ǫ
}
, (D.5)
and ΠT (P ) is the nite-temperature piee of Π(P ). In three dimension, ΠT (P ) reads [10℄
ΠT (P ) =
T
(4π)2
∫
d3r
r2
eip·r
(
coth r¯ − 1
r¯
)
e−|p0|r , (D.6)
where r¯ = 2πTr. In the following we need the UV limit of ΠT (P ). This happens to be given by the UV limit of the
full self-energy (D.2) and is given by [10℄
ΠTUV(P ) =
2
P 2
∑∫
Q
1
Q2
. (D.7)
Using the deomposition (D.4), the integral in Eq. (D.1) an be written as
I = − 1
(4π)4ǫ2
∑∫
P
1
P 2
+
∑∫
P
1
P 2
[Π0s(P )]
2 + 2
∑∫
P
1
P 2
Π0s(P )Π
T (P ) +
∑∫
P
1
P 2
[ΠT (P )]2 . (D.8)
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We now onsider the dierent ontributions to I. The rst term in Eq. (D.8) is a simple one-loop sum-integral and
reads:
I1 = − 1
(4π)4ǫ2
∑∫
P
1
P 2
= −
( µ
4πT
)2ǫ T 2
12(4π)4
[
1
ǫ2
+ 2
(
1 +
ζ′(−1)
ζ(−1)
)
1
ǫ
+
π2
4
+ 4 + 4
ζ′(−1)
ζ(−1) + 2
ζ′′(−1)
ζ(−1) +O(ǫ)
]
. (D.9)
The seond term in Eq. (D.8) ontains no logarithmi UV divergenes and so it is nite in dimensional regularization:
I2 =
∑∫
P
1
P 2
[Π0s(P )]
2
=
T 2
12(4π)4
[
4 +
π2
3
+ 8
ζ′(−1)
ζ(−1)
(
2 + log
µ
4πT
)
+ 4
ζ′′(−1)
ζ(−1) + 4
(
2 + log
µ
4πT
)2 ]
+O(ǫ) . (D.10)
The third term requires a little more thought. Sine the UV behavior of ΠT (P ) is 1/P 2, the integrand Π0s(P )Π
T (P )/P 2
is logarithmially divergent in the ultraviolet. In order to isolate this divergene, we add and subtrat ΠTUV(P ) from
Π0s(P )Π
T (P )/P 2. Thus the third sum-integral in Eq. (D.8) beomes
I3 = 2
∑∫
P
1
P 2
Π0s(P )Π
T (P )
= 2
∑∫ ′
P
1
P 2
Π0s(P )[Π
T (P )−ΠTUV(P )] + 2
∑∫ ′
P
1
P 2
Π0s(P )Π
T
UV(P ) + 2T
∫
p
1
p2
Π0s(p0 = 0, p)Π
T (p0 = 0, p) ,(D.11)
where we have isolated the ontribution from the p0 = 0 term sine the ontribution to I3 from this term is infrared
divergent. In order to alulate the rst term in Eq. (D.11), we need ΠTUV(P ) in oordinate spae. It is given by the
small-r behavior of ΠT (P ) and reads
ΠTUV(P ) =
T
(4π)2
∫
d3r
r2
eip·r
r¯
3
e−|p0|r , (D.12)
This yields
Ia3 = 2
∑∫ ′
P
1
P 2
Π0s(P )[Π
T (P )−ΠTUV(P )]
=
2T 2
(4π)4
∫
d3r
1
r2
(
coth r¯ − 1
r¯
− r¯
3
) ∑
p0 6=0
e−|p0|r
∫
d3p
(2π)3
eip·r
p20 + p
2
(
2 + log
µ2
p20 + p
2
)
. (D.13)
The integral over 3-momentum an be done analytially. We write it as∫
d3p
(2π)3
eip·r
p20 + p
2
(
2 + 2 log
µ
4πT
+ log
(4πT )2
p20 + p
2
)
. (D.14)
where the rst two terms in the parentheses are independent of p, making this part of the integral a simple Fourier
transform: ∫
d3p
(2π)3
eip·r
p20 + p
2
(
2 + 2 log
µ
4πT
)
=
e−|p0|r
4πr
(
2 + 2 log
µ
4πT
)
. (D.15)
Averaging over angles, the last term an be rewritten as∫
d3p
(2π)3
eip·r
p20 + p
2
log
(4πT )2
p20 + p
2
=
1
4π2ir
∫ ∞
−∞
dp p
eipr
p20 + p
2
log
(4πT )2
p20 + p
2
(D.16)
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The integrand has a branh ut starting at p = i|p0| running to p = i∞, and a pole in p = i|p0|. The ontour an be
deformed to wrap around the pole and the branh ut, and taking are to inlude ontributions from both, one arrives
at the result ∫
d3p
(2π)3
eip·r
p20 + p
2
log
(4πT )2
p20 + p
2
=
e−|p0|r
4πr
(
log
2r¯
|p¯0| + γE + e
2|p0|rEi(−2|p0|r)
)
, (D.17)
where p¯0 = p0/2πT = n and the exponential-integral funtion Ei(z) is dened as
Ei(z) = −
∫ ∞
−z
dt e−t
t
. (D.18)
Thus Eq. (D.13) an be rewritten as
Ia3 =
2T 2
(4π)4
∫
d3r
1
r2
(
coth r¯ − 1
r¯
− r¯
3
) ∑
p0 6=0
e−2|p0|r
4πr
×
(
2 + γE + 2 log
µ
4πT
+ log
2r¯
|p¯0| + e
2|p0|rEi(−2|p0|r)
)
. (D.19)
The rst three terms in the last parentheses are independent of r and p0, and for these terms, the integral over r and
the sum over Matsubara modes an be evaluated analytially. In partiular, we are able to nd the oeient of logµ.
This is fortunate, beause it allows us to hek the onisteny of our nal result for the free energy. Let
ξ ≡ 2T
2
(4π)4
∫
d3r
1
r2
(
coth r¯ − 1
r¯
− r¯
3
) ∑
p0 6=0
e−2|p0|r
4πr
. (D.20)
Integrating over angles and summing over Matsubara frequenies yields
ξ =
2T 2
(4π)4
∫ ∞
0
dr¯
r¯
(
coth r¯ − 1
r¯
− r¯
3
)
2
e2r¯ − 1
=
4T 2
(4π)4
∫ ∞
0
dr¯
r¯
(
2
e2r¯ − 1 + 1−
1
r¯
− r¯
3
)
1
e2r¯ − 1 (D.21)
The integral above is nite, but the individual terms are divergent for small r¯. We therefore regulate them by
multiplying by an extra fator (2r¯)α and taking the limit α→ 0 in the end. The basi integrals we need are∫ ∞
0
dt tx
et − 1 = Γ(x+ 1)ζ(x+ 1), (D.22)∫ ∞
0
dt tx
(et − 1)2 = Γ(x+ 1) [ζ(x) − ζ(x + 1)]. (D.23)
This yields
ξ =
4T 2
(4π)4
[
2Γ(α)[ζ(α − 1)− ζ(α)] + Γ(α)ζ(α) − 2Γ(α− 1)ζ(α − 1)− 1
6
Γ(α+ 1)ζ(α+ 1)
]
. (D.24)
The limit α→ 0 is regular, and we obtain
ξ = − 2T
2
3(4π)4
(
1 + γE − 3 log(2π) + 2ζ
′(−1)
ζ(−1)
)
. (D.25)
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The remaining integral over the oordinate r as well as the Matsubara sum in Eq. (D.19) must be done numerially.
Eq. (D.19) an then be written as
Ia3 = −
2T 2
3(4π)4
[(
2 + γE + 2 log
µ
4πT
)(
1 + γE − 3 log(2π) + 2ζ
′(−1)
ζ(−1)
)
+ C
]
, (D.26)
where the numerial onstant C is
C = − 3
4π
∫
d3r
r3
(
coth r¯ − 1
r¯
− r¯
3
) ∑
p0 6=0
(
e−2|p0|r log
2r¯
|p¯0| + Ei(−2|p0|r)
)
= 0.0034814 . (D.27)
The subtration term in Eq. (D.13) an be alulated with dimensional regularization and reads
Ib3 = 2
∑∫
P
1
P 2
Π0s(P )Π
T
UV(P )
=
4
(4π)2
∑∫
Q
1
Q2
∑∫
P
1
P 4
{(
eγEµ2
P 2
)ǫ
Γ(ǫ)Γ2(1 − ǫ)
Γ(2− 2ǫ) −
1
ǫ
}
= − T
2
6(4π)4
[
1
ǫ2
+
(
2 log
µ
4πT
+ 2
ζ′(−1)
ζ(−1) + 1
)
1
ǫ
− 2 log2 µ
4πT
− 2 log µ
4πT
(
1 + 4γE − 2ζ
′(−1)
ζ(−1)
)
+2
ζ′(−1)
ζ(−1) + 2
ζ′′(−1)
ζ(−1) − 1−
π2
12
− 4γE + 8γ1
]
. (D.28)
The last term in Eq. (D.11) is
Ic3 = 2T
∫
p
1
p2
Π0s(p0 = 0, p)Π
T (p0 = 0, p)
= 2T
∫
p
1
p2
Π0s(p0 = 0, p)
[
Π(p0 = 0, p)−Π0(p0 = 0, p)
]
, (D.29)
The seond term vanishes in dimensional regularization sine there is no mass sale in the integral, i.e.
2T
∫
p
1
p2
Π0s(p0 = 0, p)Π
0(p0 = 0, p) = 0 . (D.30)
In order to evaluate the rst term in Eq. (D.29), we must alulate Π(p0 = 0, p). Using Feynman parameters, we
obtain
Π(p0 = 0, p) =
∑∫
Q
1
Q2(p+Q)2
= T
(
eγEµ2
4π
)ǫ
Γ(1/2 + ǫ)
(4π)3/2−ǫ
∑
q0
∫ 1
0
dx
[x(1 − x)p2 + q20 ]1/2+ǫ
. (D.31)
Inserting the expression for Π0s(p0 = 0, p) and Π(p0 = 0, p), we obtain
Ic3 =
2T 2
(4π)2
(
eγEµ2
4π
)ǫ
Γ(1/2 + ǫ)
(4π)3/2−ǫ
∫
p
1
p2
[(
eγEµ2
p2
)ǫ
Γ(ǫ)Γ2(1 − ǫ)
Γ(2− 2ǫ) −
1
ǫ
]∑
q0
∫ 1
0
dx
[x(1 − x)p2 + q20 ]1/2+ǫ
.(D.32)
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Ic3 =
2T 2
(4π)4
(eγµ2)2ǫ
2π
Γ(12 + ǫ)
Γ(32 − ǫ)
[
(eγµ2)ǫ
Γ(ǫ)Γ2(1− ǫ)
Γ(2− 2ǫ)
∫ ∞
0
dp
p−4ǫ
(p2 + 1)1/2+ǫ
∫ 1
0
dx [x(1 − x)]−
1
2+2ǫ
′∑
q0
1
|q0|6ǫ
−1
ǫ
∫ ∞
0
dp
p−2ǫ
(p2 + 1)1/2+ǫ
∫ 1
0
dx [x(1 − x)]− 12+ǫ
′∑
q0
1
|q0|4ǫ
]
=
2T 2
(4π)4
(
eγµ2
4π2T 2
)2ǫ
Γ(12 + ǫ)
Γ(32 − ǫ)
[(
eγµ2
4π2T 2
)ǫ
1
21+4ǫ
√
π
Γ(ǫ)Γ2(1− ǫ)Γ(12 − 2ǫ)Γ(3ǫ)Γ(12 + 2ǫ)
Γ(2− 2ǫ)Γ(12 + ǫ)Γ(1 + 2ǫ)
ζ(6ǫ)
− 1
4πǫ
Γ(12 − ǫ)Γ(ǫ)Γ(12 + ǫ)
Γ(1 + ǫ)
ζ(4ǫ)
]
, (D.33)
where the prime indiates that we have omitted the p0 = 0 mode from the sum. Expanding Eq. (D.33) in powers of
ǫ, we obtain
Ic3 =
T 2
6(4π)4
[
1
ǫ2
− 2
ǫ
− 12− 11π
2
3
− 24 log(2π)− 12 log2(2π)− 24 log µ
4πT
−12 log2 µ
4πT
− 24 log(2π) log µ
4πT
+ 12γ2E + 24γ1
]
+O(ǫ) (D.34)
The last term in Eq. (D.8) is
I4 =
∑∫
P
1
P 2
[ΠT (P )]2 . (D.35)
Sine the UV-behavior of ΠT (P ) is 1/P 2, the sum-integral in Eq. (D.35) is UV nite. However, ΠT (P ) has a loga-
rithmi infrared divergene for the p0 = 0 mode. This implies that the sum-integral I4 has linear and logarithmi IR
divergenes. The linear divergene is set to zero in dimensional regularization while the logarithmi is not. In order
to isolate these divergenes, we rewrite the sum-integral as
I4 =
∑∫ ′
P
1
P 2
[ΠT (P )]2 + T
∫
p
1
p2
[ΠT (p0 = 0, p)]
2 , (D.36)
where the prime indiates that we have omitted the p0 = 0 mode from the sum. The primed sum-integral in Eq. (D.36)
is nite both in the ultraviolet and in the infrared. Using the 3-dimensional representation of the ΠT (P ), Eq. (D.6),
the rst term in Eq. (D.36) an be written as
Ia4 =
∑∫ ′
P
1
P 2
[ΠT (P )]2
=
T 3
(4π)4
′∑
p0
∫
d3p
(2π)3
∫
d3r
r2
d3r′
(r′)2
1
p20 + p
2
(
coth r¯ − 1
r¯
)(
coth r¯′ − 1
r¯′
)
eip·(r+r
′)e−|p0|(r+r
′)
(D.37)
The integral over three-momentum p orresponds to a Fourier transform of a massive propagator and so gives rise to
a Yukawa potential. The sum over nonzero Matsubara frequenies an also be done analytially and we obtain
Ia4 =
2T 3
(4π)5
∫
d3r
r2
d3r′
(r′)2
1
|r+ r′|
(
coth r¯ − 1
r¯
)(
coth r¯′ − 1
r¯′
)
1
er¯+r¯′+|r¯+r¯′| − 1 (D.38)
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Averaging over angles, one nds
Ia4 =
2T 2
(4π)4
∫ ∞
0
dr¯ dr¯′
r¯r¯′
(
coth r¯ − 1
r¯
)(
coth r¯′ − 1
r¯′
)
×
[
log
(
e2(r¯+r¯
′) − 1
)
− log
(
er¯+r¯
′+|r¯−r¯′| − 1
)
+ |r¯ − r¯′| − r¯ − r¯′
]
(D.39)
The remaining integrals over r¯ and r¯′ must be done numerially and we obtain
Ia4 =
T 2
(4π)4
[0.0587392] . (D.40)
The seond term in Eq. (D.36) is rewritten as
Ib4 = T
∫
p
1
p2
[ΠT (p0 = 0, p)]
2
= T
∫
p
1
p2
{[
ΠT (p0 = 0, p)−ΠTIR(p)
]2
+ 2ΠT (p0 = 0, p)Π
T
IR(p)− [ΠTIR(p)]2
}
, (D.41)
where ΠIR(p) is given by the q0 = 0 term in Eq. (D.31):
ΠTIR(p) = T
∫
q
1
q2(p+ q)2
= T
(
eγEµ2
4π
)ǫ
4ǫ
√
π
(4π)3/2−ǫ
Γ(1/2 + ǫ)Γ(1/2− ǫ)
Γ(1 − ǫ) p
−1−2ǫ . (D.42)
The rst integral in Eq. (D.41) is now well behaved in both the ultraviolet and the infrared. It an be evaluated
numerially using the representation of ΠT (p0 = 0, p) in three dimensions. The subtrated terms are infrared divergent
and are alulated with dimensional regularization. The rst integral an be alulated diretly in three dimensions.
In this ase, ΠTIR(p) redues to
ΠTIR(p) =
T
8p
. (D.43)
Using the three-dimensional representation (D.6) for ΠT (P ) with p0 = 0 and Eq. (D.43), we get
Ib14 = T
∫
p
1
p2
[
ΠT (p0 = 0, p)−ΠTIR(p)
]2
= T 3
∫
p
1
p2
[
1
(4π)4
∫
d3r
r2
d3r′
(r′)2
eip·(r+r
′)
(
coth r − 1
r
)(
coth r¯′ − 1
r¯′
)
− 1
4(4π)2p
∫
d3r
r2
eip·r
(
coth r¯ − 1
r¯
)
+
1
64p2
]
. (D.44)
The averages over the angles between p and r, and between p and r
′
an be done analytially and we obtain
Ib14 = T
3
∫
p
1
p2
[
1
(4π)2
∫ ∞
0
dr
∫ ∞
0
dr′
sin pr
pr
sin pr′
pr′
(
coth r − 1
r
)(
coth r¯′ − 1
r¯′
)
− 1
4(4π)p
∫ ∞
0
dr
sin pr
pr
(
coth r¯ − 1
r¯
)
+
1
64p2
]
. (D.45)
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The integrals over r, r′, and p must be done numerially. The result is
Ib14 =
T 2
(4π)4
[9.5763] . (D.46)
The rst subtration term in Eq. (D.41) is
Ib24 = 2T
∫
p
1
p2
ΠT (p0 = 0, p)Π
T
IR(p)
= 2T
∫
p
1
p2
[
Π(p0 = 0, p)−Π0(p0 = 0, p)
]
ΠTIR(p)
= 2T
∫
p
1
p2
Π(p0 = 0, p)Π
T
IR(p) , (D.47)
where we have used that the seond term vanishes in dimensional regularization: This term is logarithmially divergent
both in the infrared and in the ultraviolet. If we use the same sale for the regularization of ultraviolet and and infrared
divergenes, the integral vanishes [6℄.
Inserting the expressions for Π0(p0 = 0, p) and Π
T
IR(p) into Eq. (D.47), we obtain
Ib24 =
T 3
(4π)4−3ǫ
(
eγEµ2
4π
)3ǫ
21+2ǫ
Γ2(12 + ǫ)Γ(
1
2 − ǫ)
Γ(32 − ǫ)Γ(1− ǫ)
∫ ∞
0
dp
∫ 1
0
dx
∑
q0
p−1−4ǫ
[x(1 − x)p2 + q20 ]
1
2
+ǫ
=
T 3
(4π)4−3ǫ
(
eγEµ2
4π
)3ǫ
21+2ǫ
Γ2(12 + ǫ)Γ(
1
2 − ǫ)
Γ(32 − ǫ)Γ(1− ǫ)
∫ ∞
0
dp
p−1−4ǫ
(p2 + 1)
1
2+ǫ
∫ 1
0
dx [x(1 − x)]2ǫ
′∑
q0
1
|q0|1+6ǫ
=
T 2
(4π)4
(
eγEµ2
4π2T 2
)3ǫ
4ǫ
π
Γ(12 + ǫ)Γ(
1
2 − ǫ)Γ(−2ǫ)Γ(12 + 3ǫ)Γ2(1 + 2ǫ)
Γ(32 − ǫ)Γ(1− ǫ)Γ(2 + 4ǫ)
ζ(1 + 6ǫ) . (D.48)
The prime on the sum in the seond line indiates that we have exluded the zero mode, q0 = 0, from the sum. This
mode gives rise to an integral that is linearly divergent in the infrared. Sine there is no mass sale in this integral, it
vanishes. Note also that the integral over p is logarithmially divergent in the infrared and this divergene is not set
to zero in dimensional regularization [13℄. Expanding Eq. (D.48) in powers of ǫ, we obtain
Ib24 = −
T 2
6(4π)4
[
1
ǫ2
+
(
6 log
µ
4πT
+ 6γE − 2
) 1
ǫ
+ 12 +
25
12
π2 − 12 log µ
4πT
+ 18 log2
µ
4πT
+36γE log
µ
4πT
− 12γE − 36γ1
]
+O(ǫ) . (D.49)
Finally, we onsider the last subtration term in Eq. (D.41). Sine ΠTIR(p0 = 0, p) goes like 1/p for small p, the
integrand has a linear infrared divergene. This divergene is set to zero in dimensional regularization. In fat, sine
there is no mass sale in the integral, it vanishes:
T
∫
p
1
p2
[ΠTIR(p)]
2 = 0 . (D.50)
Adding Eqs. (D.9), (D.10), (D.26), (D.28), (D.34), (D.40), (D.46), and (D.49), we an write I in the following form:
32
I = − T
2
4(4π)4
( µ
4πT
)6ǫ{ 1
ǫ2
+
1
ǫ
[
4
3
+ 2
ζ′(−1)
ζ(−1) + 4γE
]
+
1
3
[
46− 8γE − 16γ2E − 104γ1 − 24γE log(2π)
+24 log2(2π) +
45π2
4
+ 24
ζ′(−1)
ζ(−1) + 2
ζ′′(−1)
ζ(−1) + 16γE
ζ′(−1)
ζ(−1)
]
− 38.5309 +O(ǫ)
}
. (D.51)
[1℄ J.-P. Blaizot, E. Ianu, and A. K. Rebhan, In Quark gluon plasma 3, edited by R. C. Hwa and X. N. Wang (World
Sienti, Singapore, 2004), p. 60.
[2℄ D. H. Rishke, Prog. Part. Nul. Phys.52, 197 (2004).
[3℄ U. Kraemmer and A. K.Rebhan, Rept. Prog. Phys. 67, 351 (2004).
[4℄ J. O. Andersen and M. Strikland, Ann. Phys. 317, 281 (2005).
[5℄ R. R. Parwani and H. Singh, Phys. Rev. D 51, 4518 (1995).
[6℄ E. Braaten and A. Nieto, Phys. Rev. D 51, 6990 (1995).
[7℄ C. Coriano and R. R. Parwani, Phys. Rev. Lett. 73, 2398 (1994).
[8℄ R. R. Parwani, Phys. Lett. B 334, 420 (1994); 342, 454(E) (1994);
R. R. Parwani and C. Coriano, Nul. Phys. B434, 56 (1995).
[9℄ J. O. Andersen, Phys. Rev. D 53, 7286 (1996).
[10℄ P. Arnold and C. Zhai, Phys. Rev. D 50, 7603 (1994); 51, 1906 (1995).
[11℄ C. Zhai and B. Kastening, Phys. Rev. D 52, 7232 (1995).
[12℄ E. Braaten and A. Nieto, Phys. Rev. D 53, 3421 (1996).
[13℄ A. Gynther, M. Laine, Y. Shröder, C. Torrero, and A. Vuorinen, J. High Energy Phys. 04 (2007) 094.
[14℄ F. Karsh, A. Patkós, and P. Petrezky, Phys. Lett. B 401,69 (1997).
[15℄ V.I. Yukalov, Mosow University Physis Bulletin 31, 10 (1976).
[16℄ P.M. Stevenson, Phys. Rev. D 23, 2916 (1981).
[17℄ W. Janke and H. Kleinert, Phys. Rev. Lett. 75, 2787 (1995).
[18℄ J. O. Andersen, E. Braaten, and M. Strikland, Phys. Rev. D 63, 105008 (2001).
[19℄ J. O. Andersen and M. Strikland, Phys. Rev. D 64, 105012 (2001).
[20℄ E. Braaten and R. D. Pisarski, Phys. Rev. Lett. 64, 1338 (1990); Nul. Phys. B337, 569 (1990);
V. V. Klimov, Sov. Phys. JETP 55, 199 (1982).
[21℄ J. O. Andersen, E. Braaten, and M. Strikland, Phys. Rev. Lett. 83, 2139 (1999).
[22℄ J. O. Andersen, E. Braaten, and M. Strikland, Phys. Rev. D 61, 014017 (1999).
[23℄ J. O. Andersen, E. Braaten, E. Petitgirard, and M. Strikland, Phys. Rev. D 66, 085016 (2002).
[24℄ J. O. Andersen, E. Braaten, and M. Strikland, Phys. Rev. D 61, 074016 (2000).
[25℄ J. O. Andersen, E. Petitgirard, and M. Strikland, Phys. Rev. D 70, 045001 (2004).
33
[26℄ J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960).
[27℄ G. Baym, Phys. Rev. 127, 1391 (1962).
[28℄ J. M. Cornwall, R. Jakiw and E. Tomboulis, Phys. Rev. D 10, 2428 (1974).
[29℄ H. van Hees and J. Knoll, Phys. Rev. D 65, 025010 (2001); 65, 105005 (2002).
[30℄ J.-P. Blaizot, E. Ianu and U. Reinosa, Phys. Lett. B 568, 160 (2003); Nul. Phys. A736, 149 (2004).
[31℄ J. Berges, S. Borsanyi, U. Reinosa, and J. Serreau, Ann. Phys. (N.Y.) 320, 344 (2005).
[32℄ G. Fejos, A. Patkos, and Zs. Szep, Nul. Phys. A803, 115 (2008).
[33℄ A. Arrizabalaga and J. Smit, Phys. Rev. D 66, 065014 (2002).
[34℄ M. E. Carrington, G. Kunstatter, and H. Zaraket, Eur. Phys. J. C 42, 253 (2005).
[35℄ J. O. Andersen and M. Strikland, Phys. Rev. D 71, 025011 (2005).
[36℄ J.-P. Blaizot, E. Ianu and A. Rebhan, Phys. Lett. B 470, 181 (1999).
[37℄ J.-P. Blaizot, E. Ianu and A. Rebhan, Phys. Rev. Lett. 83, 2906 (1999).
[38℄ J.-P. Blaizot, E. Ianu and A. Rebhan, Phys. Rev. D 63, 065003 (2001).
[39℄ A. Peshier, Phys. Rev. D 63, 105004 (2001).
[40℄ E. Braaten and E. Petitgirard, Phys. Rev. D 65, 041701(R) (2002); 65, 085039 (2002).
[41℄ J. Berges, Sz. Borsanyi, U. Reinosa, and J. Serreau, Phys. Rev. D 71, 105004 (2005).
[42℄ S. Borsanyi and U. Reinosa, Phys. Lett. B 661, 88 (2008).
[43℄ H. Vershelde and J. De Pessemier, Eur. Phys. J. C 22, 771 (2002).
[44℄ G. Smet, T. Vanzielighem, K. Van Aoleyen, and H. Vershelde, Phys. Rev. D 65, 045015 (2002).
[45℄ M. B. Pinto and R. O. Ramos, Phys. Rev. D 60, 105005 (1999)
[46℄ M. B. Pinto and R. O. Ramos, Phys. Rev. D 61, 125016 (2000)
[47℄ R. L. S. Farias, G. Krein, and R. O. Ramos, arXiv:0809.1449.
[48℄ T. S. Evans, H. F. Jones, D. Winder, Nul. Phys. B598, 578 (2001).
[49℄ S. Chiku and T. Hatsuda, Phys. Rev. D 58, 076001 (1998).
[50℄ H. Kleinert et al., Phys. Lett. B 272, 39 (1991); 319, 545(E) (1993).
[51℄ B. Kastening, Phys. Rev. D 54 3965 (1996).
[52℄ A. K. Rebhan, Phys. Rev. D 48, R3967 (1993).
[53℄ J. O. Andersen and L. Kyllingstad (unpublished).
[54℄ K. Kajantie, M. Laine, K. Rummukainen, and Y. Shröder, J. High Energy Phys. 04 (2003) 036.
34
